The deformed Virasoro algebra plays a similar role for deformed conformal fields as the Virasoro algebra in the usual string and conformal field theories.
I. Introduction
Over many years much attention has been paid to the Virasoro algebra, the underlying symmetry of the string theory (see, e.g., [1] , [2] ). On the quantum level, however still some regularization procedure is needed. In this context we note that in the framework of deformed Virasoro algebras the point-splitting regularization of bi-linear currents appears as a straightforward consequence of deformation.
The Virasoro algebra is an infinite Lie algebra with generators L m , m ∈ Z, satisfying the commutation relations
where C is a central element commuting with all L m . In any unitary irreducible representation L † m = L −m and C is a real constant. The Virasoro algebra is usually realized in terms of an infinite set of (bosonic or fermionic) oscillators, and is closely related to the symmetry properties of the 2D (conformal) field theory in question.
The simplest representation of this sort, with C = 1, is given by the Sugawara construction of L m in terms of an infinite set of bosonic oscillators a n , a † n = a −n , n = 1, 2, . . ., satisfying commutation relations
Formally, it is convenient to include the zero mode a 0 as a constant commuting with all other annihilation and creation operators. It is inessential for our purposes. In what follows, we take a 0 = 0 in all expressions where it eventually appears. The
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Sugawara formula for L n reads L n = 1 2 j : a j a n−j : , n ∈ Z ,
where : . . . : denotes the normal ordering of operators.
The deformations of the Virasoro algebra are related to deformations of the Sugawara construction (3) . The oscillator realizations (with a nontrivial central element) of these deformations of Virasoro algebra were constructed in [3] . The deformed Virasoro algebra generators (e kλ − e −kλ ). The second index k guarantees that L k n closes to the double indexed deformed Virasoro algebra [3] . In [4] a supersymmetric extension of this algebra was found by adding a appropriate set of deformed fermionic oscillators b r , b * r , satisfying the anticommutation relations:
where r ∈ Z + 1/2 for Neveu-Schwarz sector, or r ∈ Z in Ramond sector. The even generators of this superalgebra are
They are supplemented by odd generators
The explicit forms of the deformed Virasoro algebra and its supersymmetric extension is given in Appendix. The dependence on the index k is non-trivial for λ > 0.
In this case, the smallest set of k for which these algebras close, is k = 1, 3, . . . .
Such deformations have been intensively studied in [5] - [9] , mainly in connection with a formal deformations in the conformal and/or string field theories. In [7] - [9] it was shown that the second index k is closely related to the point-splitting
of Virasoro currents and to the deformation of the conformal symmetry. Later a developed mathematical structure was found, the Zamolodchikov-Faddeev algebras, which proved to be a natural framework for the deformed Virasoro algebras [10] .
Our construction in [3] represents a particular realization of the bosonization of a ZF algebra (for a recent review see [11] ). However, until now meaning of the deformation, i.e. the physical interpretation of the parameter λ has not been clear.
In this paper we try to connect the parameter λ of the deformed super Virasoro algebra with the discreteness of time in QFT.
In Sec. II, we describe the free scalar field on a circle subject to a standard continuous time evolution, in which framework the Virasoro algebra appears naturally.
Then we generalize the model to the discrete-time dynamics formulated in [12] , and we show how within this approach a particular finite dimensional deformation of the obtains the bosonic realization of the deformed Virasoro algebra introduced in [3] .
In Sec. IV, we describe the free fermionic field as a system of fermionic oscillators.
In the Euclidean discrete-time version this leads to the fermionic realization of the deformed Virasoro algebra. The bosonic and fermionic sets of deformed oscillators can be then used, as was proposed in [4] , for the realization of the deformed super Virasoro algebra (its defining relations are collected in Appendix). The final Sec. V contains concluding remarks.
II. Scalar field on a circle
In this section, we first discuss the free scalar field on a circle S 1 with evolution described by the usual continuous time t ∈ R (we use the system of units in which h = c = 1). Such field can be interpreted as one coordinate of the free closed bosonic string, see, e.g., [1] , [2] and refs therein. Then we present briefly the main principles of the discrete-time dynamics formulated in [12] , and finally we show how within this approach the deformed Virasoro algebra proposed earlier in [3] emerges.
A. Continuous time description
The field action for a free massless real scalar field on the circle with radius ρ is defined by
We can expand the field Φ(t, ϕ) = Φ * (t, ϕ) into the Fourier modes
Inserting (10) into the action, we obtain
The canonically conjugate momentum to the modes c k (t) and c *
and π * k (t) = ρċ k (t), respectively. Solving the corresponding equations of motion
we obtain oscillating solutions
Explicitly, the formulas for the field Φ(t, ϕ) and the conjugated momentum Π(t, ϕ) =
Here we have used the notation a −k = a * k and b −k = b * k . The terms with expansion coefficients a k are interpreted as the right-movers on a closed bosonic string, whereas those solutions with b k as the left-movers. They are independent, and we can treat them separately.
The quantization means an operator realization of the corresponding equal-time
with all other elementary commutators vanishing. They are indeed satisfied if we replace the complex coefficients a k and b k by the two independent infinite set of bosonic oscillators satisfying the commutation relations:
Let us write the field momentum in the form:
where σ ± = (t ± ρϕ)/ρ. Thus, the configuration space is effectively the 2-torus:
This special form of the solution allows us to construct various conserved quantities, e.g.:
The commutators of L n close to the Virasoro algebra with C = 1. Analogously, the right-moversΠ(σ + ) give rise to another independent Virasoro algebra.
B. Discrete-time dynamics
Here we shall follow essential steps of the discrete-time approach proposed in [12] .
In the continuous time dynamics the action integral
is a functional of a path starting at the given point q i = q(t i ) and terminating at q f = q(t f ). The classical trajectory q c (t) is a path which extremize (19), which is a solution of the corresponding Euler-Lagrange equations of motion. The function
Within the discrete-time dynamics the trajectory q(t) is replaced by a finite set of variables q n , n = 0, 1, . . . , N, interpreted as positions at the given discrete-times (19) is replaced by the finite sum
The function S n ≡ S(q n , q n+1 ), called the system function, specifies the dynamics of the system in question. The equations of of motion have the form, [12] :
Note: The system function S n = S(q n , q n+1 ) is the basic object in the discretetime dynamics which replaces the notion of the Lagrangian of the continuous dynamics and should be postulated. If one would like to obtain a discrete-time version (approximation) of some continuous time model, then a natural choice for S n can be the time-slice Hamilton principal function S n = S c (q n , q n+1 ). The formula for
then corresponds to the virtual path which is a solution of Euler-Lagrange equations on any interval (q n , q n+1 ) and the solution of (21) is equivalent to the classical trajectory q c (t) starting at q(t i ) = q 0 and terminating at q(t f ) = q N .
In the discrete-time approach the problem of quantization was formulated, in general, in [12] . For systems quadratic in positions and momenta, like harmonic
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oscillator, the problem of quantization is reduced to the standard one. Namely, the discrete-time dynamical variables q n and p n should be replaced by operatorsq n and p n satisfying the canonical "equal-time" commutations relations:
In the discrete-time mechanics the momentum conjugated to this momentum can be defined either by (see [12] )
or defined as the product of particle mass µ and the "discrete-time velocity" (see e.g., [13] , [14] )
These are not equivalent notions: In the former the momenta are assigned to the time sites, whereas in latter they are assigned to time interval similarly to the phase-space path integral approach. We point out that for quadratic systems, like a harmonic oscillator discussed below, both expressions coincide. For definiteness we consider (24) as the definition of discrete-time momentum. The canonical commutation relation then reads:
Here and further on we suppress the hat over operators.
Let us now consider the harmonic oscillator described by the Lagrangian
Within the discrete-time approach we choose as the system function the corresponding time-slice of the Hamilton principal function which in variables q n = q(nτ ) reads:
From equations of motion it follows that the quantities
are discrete-time independent: a n = a n−1 ≡ a and a * n = a n−1 ≡ a * . For our purposes the dimension-less variables
are better suited. In these variables the Hamilton principal function is:
The solutions of equations of motion for Φ n and Π n can be expressed in terms of a and a * as follows
The quantization can be now performed directly. Replacing a and a * by annihilation and creation operators satisfying the commutation relation
the canonical commutation relation (25) follows directly.
Let us now apply this results to the free scalar field on a circle with radius ρ. 
where λ = τ /ρ is the natural dimensionless parameter induced by the discreteness of time. The quantum discrete-time version is obtained straightforwardly, by repeating for any oscillator the steps which led from the oscillator Lagrangian (26) to the solutions (31) of discrete-time equations of motion given in terms of annihilation and creation operators satisfying (32). Performing this procedure, we obtain via Fourier transformation, the discrete-time fields on a circle:
with annihilation and creation operators satisfying the deformed commutation rela-
Here, Particularly interesting case appears for λ = π/(2N + 1), N -positive integer.
The solution for the field momentum (34) is then given as
where σ ± = nλ ± ϕ. Let us now consider the conserved quantities (without normal ordering):
where we have adopted the convention a j = a j+2N . They satisfy the commutation relations:
with the summation over ǫ, 
III. Euclidean model on a circle A. Continuous time Euclidean model
In order to analyze the Euclidean case, we have to substitute the time t by −it; as a result in the action the kinetic term changes sign. Then Euclidean action is defined by
Here the field
satisfies the Euclidean reality condition, Φ † (t, ϕ) ≡ Φ * (−t, ϕ) = Φ(t, ϕ). The corresponding Euler-Lagrange equations for the modes
can be solved similarly as in the real-time case. The solutions for the field Φ(t, ϕ) ≡ Φ(z,z) and the field momentum Π(t, ϕ) = iρ∂ t Φ(t, ϕ) ≡ Π(z,z), in terms of the
The canonical equal-time commutation relations are satisfied provided that a k and b k , k = 0, satisfy commutation relations (16).
The Virasoro algebra generators, are given as contour integral (around origin in the complex plane): 
B. Discrete-time Euclidean model
We shall now investigate along the similar lines the Euclidean discrete-time version of the model. It is obtained by analytic continuation [12] : the discrete-time step τ should be replaced by −iτ . Performing this, the Euclidean time-slice Hamilton principal function is:
where we have introduced again the parameter λ = τ /ρ.
The solutions of the corresponding Euclidean equations of motion for the field Φ n (ϕ) ≡ Φ(z,z) and the field momentum Π n (ϕ) ≡ Π(z,z) possess in the variables z = e nλ+iϕ andz = e nλ−iϕ the mode expansions
The Euclidean reality condition Φ † n (ϕ) ≡ Φ * −n (ϕ) = Φ n (ϕ) is satisfied provided
The canonical commutation relations among Φ n (ϕ) and Π n (ϕ ′ ) induce the following commutation relations for the oscillator pairs: 
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The deformed Virasoro algebra generators can be expressed as contour integrals (over circle in the complex with a given radius r = e lλ , l-positive integer):
IV. Supersymmetric extension
In this section, we first describe the free fermionic oscillator described by one pair of variables with a Lagrangian linear in their time derivative. Taking into account carefully the resulting constraints we modify the approach used in [12] . Then we show how the fermionic realization of the deformed Virasoro algebra emerges in the discrete-time case. Together with the bosonic realization this gives rise to the deformed Virasoro super-algebra proposed earlier in [4] .
A. Fermionic oscillator
The continuous time fermionic Lagrangian
depending on complex anticommuting Grassmann variables ξ and ξ * , leads to the equations of motion:
Here, ω can be either positive or negative. Since (49) are first order in time, we can specify only two of the four values ξ i , ξ * i and ξ f , ξ * f at initial and final times.
Consider first the case when ξ * f and ξ i are fixed. The solutions of (49) are
The corresponding action which variation, under conditions δξ i = 0 and δξ * f = 0, leads to equations of motion, is
Inserting here (50) we obtain the principal Hamilton function
Alternatively, one can fix ξ * i and ξ f . Then the solutions of (49) are
The proper action leading, under δξ * i = 0 and δξ f = 0, to the correct equations of motion is
The corresponding principal Hamilton function reads
In the discrete-time case as dynamical variables we take ξ n ≡ ξ(nτ ) for n-odd, and ξ * n ′ ≡ ξ * (n ′ τ ) for n ′ -even (or equivalently with the role of n even and odd interchanged). For the time-slice system function we can take either S c (ξ * n+1 , ξ n ) +
). Both choices lead to the same Hamilton principal function
The equations of motion
can be rewritten as follows:
Their solution is
In order to quantize the system, we should take into account the constraints
among the fermionic coordinates ξ = ξ(t), ξ * = ξ * (t) and the corresponding momenta η = η(t) and η * = η * (t). They are first class and lead to the Dirac brackets:
which after quantization are replaced by anticommutation relations
In the discrete-time case we replace (60) by anticommutators
Here we have taken into account that ξ n is affiliated with n-odd, whereas ξ * n ′ with n ′ -even, i.e. ξ in (61) indicates both alternative choices: in the first (second) anticommutator we replaced ξ * n ′ (ξ n ) by the nearest neighbor average. Inserting here the solutions (58) we find that the anticommutation relations (61) are satisfied, for both choices in the second line, provided that b and b * are properly normalized fermionic oscillator operators satisfying the anticommutation relations
The last anticommutator contains the positive operator on left-hand-side. Therefore, we require cos ωτ > 0, i.e., −π/2 < ωτ < +π/2. For ω > 0 we interpret b as an annihilation operator and b * as a creation one, for ω < 0 their interpretation is reversed.
The Euclidean version is obtained by the replacement τ → −iτ . Repeating all the steps leading to (62), we obtain a fermionic oscillator pair satisfying the anticommutation relations
In this case there is no restriction on admissible values of ωτ .
B. Fermionic field on a circle
The continuous time free fermionic field on a circle in Neveu-Schwarz sector satisfies antiperiodic boundary conditions Ψ(t, ϕ + 2π) = −Ψ(t, ϕ) and Ψ * (t, ϕ + 2π) = −Ψ * (t, ϕ). Such a field can be expanded as
Here r is half-integer, ξ r = ξ r (t) and ξ * r = ξ * r (t) are anticommuting variables. Below, we consider only the field action on a circle with radius ρ for left-movers:
The action for right-movers is obtained by replacement +i∂ ϕ → −i∂ ϕ . The upper sign in (65) refers to the case with the following fixed values of final and initial fields
The lower sign refers to fixed
Inserting the expansions (64) into (65), we obtain the action
describing the system of independent fermionic oscillators with frequencies ω = r/ρ.
The solutions of equations of motion corresponding to conditions (66) and (67), respectively, are
They give, respectively the Hamilton principal functions
Similarly as for a single mode, the system described by action (65) contains first class constraints which lead to the Dirac brackets:
In the discrete-time approach, the field modes are described by fermionic variables ξ r n ≡ ξ r (nτ ) for n-odd, and ξ r * n ′ ≡ ξ r * (n ′ τ ) for n ′ -even. The system function we take in the following form
where λ = τ /ρ. The discrete time analogs of Dirac brackets (70) are:
Here, we have taken into account the fact that Ψ n (ϕ) is affiliated with n-odd, and Ψ * n ′ (ϕ) with n ′ -even, and again we have replaced Ψ * n ′ (ϕ) by the nearest neighbor average.
The solutions of equations of motion 
After quantization the Dirac brackets (72) are replaced by the anticommutation
These are satisfied provided b r , b * r ,b r andb * r satisfy the anticommutation relations
where we put b −r = b * r andb −r =b * r . For a given τ the admissible values of r are specified by the inequality − π 2λ
The deformed Virasoro algebra generators are usually expressed in terms of an auxiliary hermitean fermionic field ψ(σ) depending, for right-movers on the variable σ = nλ − ϕ (whereas for left-movers it depends on σ = nλ + ϕ). This field can be determined as follows. We restrict ourselves to the modes with r > 0. The field solutions then possess the expansions
for odd n and even n ′ , respectively. In order to construct a hermitean field we should take the proper discrete-time nearest neighbor combinations:
In (78) the nearest neighbor average in the second term (defined for n-odd) replaces the field Ψ * n ′ (defined for n ′ -even); the first term is just the hermitean conjugation of the second one. In (79) the roles of Ψ n and Ψ * n ′ are interchanged. Eqs. (78) and (79) define the auxiliary field
for any integer n (in (80) we have used b * r = b −r ). Repeating the same procedure for modes with r < 0, we obtain an auxiliary field in terms ofb r .
In the Euclidean discrete-time case the anticommutation relations (76) are replaced by
where [r] + = cosh rλ. Thus, we obtain two independent sets of fermionic oscillators both satisfying exactly the anticommutation relations (6) required for the deformation in question. Any of them can be used for a fermionic realization of deformed Virasoro algebra and its supersymmetric extension.
The Euclidean analog of the auxiliary field ψ(σ) is obtained by replacing τ → −iτ in (77)-(80). The resulting field
satisfies the Euclidean reality condition. The fermionic realization of the deformed Virasoro generators can be given in terms of ψ(z):
They satisfy, up to central term, the same commutation relations as
given in terms of the bosonic auxiliary field Π(z) (see (45) 
V. Concluding remarks
The deformed Virasoro algebra [3] and its supersymmetric extension [4] were suggested earlier on purely formal mathematical grounds. The field theoretical origin of the deformed (super) Virasoro algebras, formulated above in the framework of the Euclidean discrete-time QFT, can serve for a better (physical) motivation and understanding of its role in all related constructions (q-strings, q-vertex operators and Zamolodchikov-Faddeev algebras).
On the other side, the discrete-time dynamics is neither finished nor completed part of theoretical physics. The presented construction can serve as its application to a concrete field-theoretical model with a rich mathematical structure behind.
This can support the ideas of the discrete-time dynamics and extend the search for the other applications.
The deformed super Virasoro algebra depends only on the deformation parameter λ = τ /ρ. Consequently, the standard super Virasoro algebra can be recovered,
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either for τ → 0 and ρ-fixed, or for τ -fixed and ρ → ∞. In the former case the limiting theory is the continuous time QFT on a circle, whereas the latter one would correspond to the discrete-time theory on a real line.
In this context it would be of great interest to extend our model to the deformed Kac-Moody algebras, see e.g. [16] and refs therein. We have strong indications that this can be achieved along the same lines as in the Virasoro algebra case: (i)
The Kac-Moody algebras can be defined as free field current algebras on a circle;
(ii) Their deformations are realized in terms of various sets of deformed bosonic and/or fermionic oscillators. As other possible application could serve discrete-time integrable models, see [17] .
It would be desirable to reinterpret such structures in terms of discrete-time field details see [9] .
